A theoretical and experimental study was conducted on the optimal steady state operation of a jacketed, tubular, liquid-phase reactor in which consecutive secand-order reactions occurred in turbulent flow. To verify the proposed mathematical model, diethyl adipate was saponified with sodium hydroxide in aqueous solution. The 150 ft. long reactor jacket was divided into 5, 30 ft. sections. Hot water flow rates in the jacket sections were chosen to maximize the concentration of monoethyl adipate ion at the reactor exit. The plug-flow model and a position-dependent heat transfer coefficient accurately described temperature and concentration profiles. The Pontryagin maximum principle was used to choose idealized reactor temperature and wall heat flux profiles which would maximize the exit concentration of monoester. The maximum principle was shown t o be an effective tool for this type of reactor optimization. A technique is given for optimizing more complex reaction systems.
The first objective of this research was to model effectively the tubular reactor by comparing experimental concentrations and temperature profiles with predictions of various models. Numerical search techniques were then employed to maximize yields of monoethyl adipate at the reactor exit. Optimal operation was also verified experimentally.
The second objective of this research was to obtain optimal constrained temperature and wall heat flux profiles for consecutive first-and second-order reactions occurring in a fixed length reactor, and for which El > E2. The Pontryagin maximum principle was employed to determine optimal profiles for several objective functions. Comparison of yields from the idealized reactor (amenable to study with the maximum principle) with yields from the experimental system indicated that the maximum principle is useful in obtaining an upper bound on yields in real reactors.
DESCRIPTION OF EXPERIMENTAL SYSTEM
The reactor system, shown in Figure 1 , consisted of a jacketed tubular reactor, storage drums for diethyl adipate and sodium hydroxide solutions, feed and hot water flowmeters and Im'+r.n. 
T.D. -T O DRAIN
The dimensions of the tubular reactor were governed by the following factors: Sufficient length was necessary to provide adequate residence time for reaction. The Reynolds number for the reactant stream was to be greater than 5,000 to ensure turbulent flow. Finally, the tube cross-sectional area had to be such that, with the above two conditions satisfied, the tube flow rate did not exceed approximately 25 gal./hr. The solubility limit of diethyl adipate in water placed an upper bound on ester concentration at 0.02 mole/liter. The temperature of the inlet ester solution (1.5 liters/min.) could be controlled to within 0.2"F. in the range of 80" to 150"F., with a two-mode (proportional plus integral control) pneumatic control system. Inlet shell water was taken directly from the hot water mains. Ester solution and hot water were pumped by bronze gear pumps containing adjustable, spring loaded relief valves connecting outlet and inlet. Sodium hydroxide solution (55 cc./min.) was driven by nitrogen gas above a polyethylene diaphragm in a 13-liter polyethylenelined steel vessel. All flows were controlled with needle valves.
DEVELOPMENT OF THE MATHEMATICAL MODEL
by the following consecutive chemical reactions:
The saponification of diethyl adipate may be expressed
The reaction rates follow the usual second-order rate laws.
Reaction rate constants were measured in both batch and flow systems over the temperature range of 29" to 85°C. Details of these measurements are given in reference 9. The best estimates of activation energies and frequency factor were found to be kl, = 
Yg was determined from an overall material balance as
Energy balances on tube and shell fluids yield
To compute U,, density and viscosity were assumed equal to those of water at the same temperature. The dimensionless plot of Sieder and Tate (12) was used to compute tube and shell side heat transfer coefficients, which were then used to Compute the overall heat transfer coefficient U,. The computed value of U , was in the range 100 to 700 B.t.u./(hr.) (sq.ft.) ( O F . ) and varied approximately 20% over the reactor length. In cases where there was no shell flow, the shell passage was blown out with compressed air to reduce the time to reach steady state.
A small heat loss then occurred through the shell to the surroundings. This was incorporated into the model by substituting in Equation ( 
PREDICTION OF THE PLUG-FLOW MODEL
Figures 3 and 4 illustrate the agreement between experimental concentration and temperature data, and the predictions of the plug-flow model.
The concentration profiles of reactor run 3 (not shown) were used to determine the rate law constants given in Equation (6) . These rate law constants were chosen using nonlinear regression to produce the best fit of the plugflow model to the experimental data. The rate law constants of Equation (6) were then used with the plug-flow model for subsequent runs. A summary of run conditions discussed here is given in Table 1 . 
OPTIMAL OPERATION OF THE EXPERIMENTAL REACTOR
To demonstrate optimal operation of the tubular reactor, this study was limited to a single set of controls and a single objective function. The problem posed was: How should the hot water flows in each of the shell sections be set such that steady state conversion of diethyl adipate to monoethyl adipate is maximized at the reactor exit? Inlet shell hot water temperature, reactant temperature, and concentrations were taken as constant. Limitations of the hot water supply system required that no single flow rate exceed 600 lb./hr. The above statements completely defined the problem and were grouped in an algorithm which did the following: This procedure was combined with gradient and direct search algorithms to choose the set of shell flow rates subject to 0 A W,, 600 Ib./hr.
which maximized Y R 1 at the reactor exit. The essence of these search techniques is described in the literature (3,
5, 14).
Numerical integration of the four ordinary differential equations using a total of 61 steps required 2 to 3 sec. on the I.B.M. 7090 computer. The optimum set of shell flows was generally found to within 0.01% in less than 50 iterations. The gradient search was faster in reaching the neighborhood of the optimum, but the direct search always obtained a slightly better optimal conversion. The gradient search required between 1 and (2 + N) function evaluations per step ( N = 5 ) , whereas the direct search required between ( N + 1) and (2N + 1) function evaluations. However, the direct search generally required fewer steps, and often the length of each step was larger than that of the gradient search. Doubling the number of integration steps had no appreciable effect on predicted concentration or temperature profiles.
Figure 5 illustrates predicted and measured concentration and temperature profiles which are nearly optimal. That is, the predicted exit conversion of monoethyl adipate is only 0.3% less than the predicted maximum conversion. The reactor was not run with the optimal shell flows partly because of the time required for chemical analysis (24 hr.), and because of turnaround time (24 hr.) at the University of Michigan Computing Center. Had a fast, timeshared computer been available, the latter problem would have been eliminated. The former occurred because only the measured initial concentrations of the previous run (9) were available for the computer program to predict optimal shell flows. The optimal reactor run (10) was then made directly after feedstock sampling. After the results of chemical analysis became available, the numerical search was repeated. Conditions for runs 9 and 10 are shown in Table 1 . The optimal controls and final conversion to monoester are shown in Table 2 .
The very small difference between optimal exit compositions on a mole ratio basis is due to the small difference in activation energies, 4,000 g.cal/mole, for the first and second saponification reactions. This difference causes the ratio of kl/kz to change by only 1.9%/'C. Had the activation energihs been equal, exit concentrations of monoester would differ only due to differences in inlet monoester concentr a t' ions.
OPTIMAL OPERATION OF A THEORETICAL TUBULAR

REACTOR
To obtain an upper bound on conversion in a tubular reactor of fixed length, consider that the reactor shell is divided into many short lengths, and that the flow in each shell section and its temperature may be adjusted. In this way we can control either the reactant temperature or the heat flux into the reactant fluid at every point along the reactor. Maximization of conversion in this hypothetical reactor is then a variational problem amenable to study with the Pontryagin maximum principle. Consider first the optimal reactor temperature profile. As a further simplification, assume that bulk density is constant. Component material balances then lead to the required state equations: Since (aH/akl) < 0, set kl = kl*.
This is impossible for then $ = 0, and the required final condition, Equation (7), could not be reached.
To complete the investigation, we must look for the possibility of singular control where H is independent of kl for a finite time. From Equation (16) control was determined each time derivatives were calculated (four times per step). The parameters used for these problems are given in Table 3 . Figure 6 shows the optimal trajectories which most nearly match the required initial conditions. The optimal temperature profile is of the bang-bang type with a single jump from the lower limit, 28"C., to the upper limit, 85°C. To match the required initial conditions accurately, it was necessary to determine precisely the point of discontinuity. This point was determined to within sec., whereas the normal set up size for integration was 0.5 sec.
We will now consider a somewhat more realistic problem, and one which has a somewhat simpler solution. In general, it is not the reactant temperature which can be controlled, but the heat flux. We therefore look for the optimal wall heat flux profile in the range 0 4 q 6 q* which will maximize conversion to monoethyl adipate Y2 at the reactor exit. The wall heat flux is then linked to reactant temperature and composition by a differential heat balance which becomes the third state equation:
The material balance equations remain unchanged. The Hamiltonian and adjoint equations then become Since Yz is to be maximized at the reactor exit, final con-
The initial temperature was allowed to be free in which case $3(0) = 0. That is, we require the initial temperature and accompanying heat flux profile which will maximize Y2(tf) compared with all other inlet temperatures and heat flux profiles.
Since q, the control variable, enters the Hamiltonian linearly, the nonsingular control which minimizes H is apparent:
If $3 = 0 and $3 # 0, then $3 will become nonzero in the next instant and the above control will apply.
If q3 = $3 = 0, then q may be chosen at will in the allowable region. In general, this will cause $3 immediately to become nonzero, and the control of Equation (31) would apply. Therefore no change in the trajectories would be apparent due to this instantaneous switching, except that the optimal control might be steered to one of the control boundaries. An alternative is to choose q = The optimal control was computed each time derivatives were calculated. A comparison of the various optimal solutions is shown in Table 4 . The optimal temperature profile gives the highest conversion of all the problems considered, and also gives an upper bound for conversion in reactors described by the plug-flow model, with the same residence time and temperature range. This is true because all other optimal solutions are possible candidates for the solution of the optimal temperature control problem. The choice of a constrained heat flux profile produces a final conversion which is 6% less than that produced with the optimal temperature profile. The heat flux constraint, 0 4 q 4 181.1 cal./(sec.) (sq.ft.), was chosen so that with full heating the total temperature change along the reactor would be approximately equal to the total temperature change in the jacketed reactor operating optimally. There are certainly sections of the jacketed reactor where the heat flux is much higher than the average value. Hence the optimal control of the jacketed reactor is a heat flux profile outside the constraints set for the idealized reactor. Best isothermal operation produces the lowest yield of all problems considered.
SUMMARY AND CONCLUSIONS
These comparisons lead to important conclusions regarding the usefulness of the maximum principle for tubular reactor optimization. Since the optimal temperature problem provides an upper bound on yield in real reactors, this is a logical point of comparison for all actual tubular reactor designs. However, for more complex reaction systems, the optimal temperature profile is much more difficult to determine, for the follo\hring reason. In the previous analysis, it was necessary to find the control in the allowable control region (either temperature or k , ) which minimized the Hamiltonian H at every point along the reaction path. Success was achieved with reasonably short computing times ( 1 to 3 min. on the I.B.M. 7090) mainly because minimization of H could be accomplished in an analytical rather than a numerical fashion. That is, an explicit expression was obtained for kl which minimized H for all possible values of Y and $, Only the two-point boundary-value problems had to be solved by trial and error. Had a numerical minimization been required at each step of the integration, not only would computing time have increased by a factor of 10 to 20, but the approximations necessary might have caused instabilities which would make numerical solution impossible. Failure to realize this is the major reason for difficulties reported in the literature concerning the usefulness of the maximum principle. In chemical systems in which more than two reactions occur, an analytical determination of temperature to minimize the Hamiltonian will not be possible. However, the optimal constrained heat flux problem will always lead to a Hamiltonian which is linear in the control variable q. The minimization of H will therefore always be possible. The upper and'lower limits on heat flux should be set at the minimum and maximum possible in the real reactor. This will guarantee that the choice of heat flux profiles will include all those possible in the real reactor, and will provide an upper bound on exit conversion. 
